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Question 1
Let G(x):
2 _ T
Glz) = 3x x272ln(e )

e Compute G'(z) and G”(z) [6 pt]

Solution:
G(z) = 323(z —9)
G'(z) = 1223 — 81x?
G'(x) = 32*(4x — 27)
G (r) = 36x% — 162z

G"(z) = 3x(12z — 54)

e Find the critical values of G(x). [4pt]

Solution:

G'(x) = 3x%(4x —27) =0



G'(0)=0
G'(27/4) =0
Question 2
Evaluate the following limits:
. 22 —-8x+15
(a) lim —Q_3 [2pt]
Solution:
limy, y E2E) = g
. sin(x)
(b) lim —==)[3pt]
Solution:
Note: —1 <= sin(x) <= +1
Then, lim,_ o S”;(x)
Apply squeeze theorem: _71 <= %(w) <= %

By the squeeze theorem: lim,_ o *71 <= %(z) <= %

Since: limg,_ .o w =0
And: lim,_, %(1) =0
Then: limg_, o0 S”;(r) =0
(@) tim 0D 5y
Solution:
Apply L’Hopital’s rule: lim,_,. ch'/g; =1L

[\)



f'(z) = 1 since, 1(:,:2)

g'(x) =2z
limg s J;,E;g =4+ =1/4
i
(@ fimy "y =g 11
Solution:

Multiply and divide by (v/z + 3): lim,_9 %

. (z—9)

s 9 G=oyvare)

. 1 o

llmrﬁg m = 1/6

Question 3

(a)Find the solution for the quadratic expression [3pt]:

22 —8r=1

Solution:
22 —8x—1=0

a=1b=-8c=-1

Using :

T = %2#@
xp = 8.12

xo = —0.12

(b) Solve the system of equations [5pt]:

q—2m—+3z=10
2¢+m+2=75
—3q¢+2m —2z=-20

Solution:



Multiply the second equation by 2:

494+ 2m+22 =15

Add equations 142 and 1+3:

5q + 5z =25

—29+2=-10

Multiply the 3rd equation by (-5):

10g — 5z = 50

Sum the second and third equations to find g:
15¢ = 75

qg=>5

Plug q=5 into the second equation:

5(5) + 5z =25

z=0

Replace q and z into the first equation to find m:
m=—2.5

(C) Find the derivative [4pt]:

N

oz
Solution:

2 [VAz® =2 = L« (4a® — 22)7V/2 x (202* — 22)
Question 4

Calculate the following:

(a) J; a?dz[3pl]

Solution



B
1y (64) — L+ (8) = 56/3

(b) Graph the integral (area under the function) in part (a) on the X)Y
plane. [5pt]

Solution:

F{x)=x"2 y

1

17,5

+12.5

T=2.5

(c) [°,(132% + 10y/Z + 12)da[4pt]

Solution

=6

13z* | 20a%/2
[Tx 42020y 121‘}

r=—6



144 + (40 + 40i)V/6)
Question 5

A box manufacturer, hires you to help them figure out the optimal cost of
their new product. The product is a rectangular container with an open top
that requires a volume capacity of 20m?>.

The length of the base is twice the width of the box and the materials for
the base cost 20 pounds per square meter. The materials for the sides cost 12
pounds per square meter.

Figure 1: Open Box

a) Find the cost function as a function of (x) [7pt]
Solution:

Cost = Cost of the base + Cost of the sides

C(z) = 20 * (z2z) + 2(12zh) + 2(12(2zh))

C(x) = 4022 + 72zh

Volume = 20m?3 = 222h

C(z) = 4022 + T2x(13)



C(z) = 4022 + 72021

b) Find if the function has a minimum or a maximum [3pts]
C'(x) = 80z — 72022 Vx, except x = 0

C'(z) =80z — 720272 =0

z =9 =208

Now take the second derivative to determine if it is a min or a max:
C"(z) = 80 + 1440273 > 0

The function is convex and z = 2.08 is a minimum.

c) Find the optimal cost of materials for the new product devel-
opment [5pts]

C(2.08) = 40(2.08)% + 720
C(2.08) = 519.2

Question 6

Find: [ [}, (4zy —y*)dA, D is the region bounded by the functions
y =+/7 and y = 22 [10pt]:

Solution:
First from the graph of the functions it is possible to show that:
O<z<land2?<y<.z

We can do the integral:

Jo [ (4zy — y*)dyda

Jo 2y? = 1y

fol(ng —22° 4+ 12%)da

;/fdx

2 1 1
7.3 x6+7x9’(1):0

227" % 36

Question 7



Consider the following matrix A:

75
A:{(fs 14}

Find: A~! [5pt]; det(A™!) [2pt]; A~! % I [3pt], where I, is the iden-
tity matrix of size [2 x 2].

Solution:

1 14 -5
A7t =1/(68) x {—6 7
7 =5
]

34 68
det(Ail):%

Question 8

You ask for a loan of 100 pounds today. The interest rate for the

loan is 7. Find r if the total amount owed after (n=10) years is equal
to 2000 pounds (Note: The sum was continuously compounded for n

years.). [10pt]

Solution:

100 * e0*" = 2000
o105 _ o)

take In of both sides:
In(e'’) = In(20)
107 = 2.995732

r = 0.2995732

Question 9

A factory in China produces smart phones according to the fol-
lowing revenue and cost functions:



R(z) = 25z
C(x) = 2% — 922 + 352

Build the profit function (7) and find the optimal amount that the
firm should produce in order to maximize their profit.[pt 10]

Solution:

7(x) = 25z — 2 + 922 — 35z
n(z) = —2® + 922 — 102
7'(x) = =322 + 182 — 10
7'(z) =322 +182 —10=0
322 —18x+10=0
—(=18)++/(—18)2—4(3)(10)

2(3)

T =
x1 =5.38

zo = 0.62

Replacing in the second derivative:
7" (x) = —6z + 18

Replacing x1 we find that
7' (x1) <0

Replacing x5 we find that
7TN(3?2) >0

Then, x; must be a maximum. We can find the total maximum profit form
producing x = 5.38 thousand units:

7(5.38) = —(5.38)% + 9(5.38)2 — 10(5.38)

7(5.38) = 50.98



