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Question 1

et e flg) =1In(g®) x e*

e Compute f'(g) and f”(g) [5 pt]

Solution:
/ g 3 3
ﬂm=@%+M9)
1 e9g%ln g® + 6e9g — 3¢9
f(g) = 7
Where:
d 3ed edg — eI
(= y=3(—=2_—
®(g) ( g°

g
—(e91In ¢g3) = e%n ¢g° + 3%



Question 2

322” + 40In(e”)
- -1

G(x)

T

e Find the critical values for G(x) [5pt]

Solution:

G'(x) = 962% + 80x = 0

X = [o,%‘r’]
G'(0) = 0
@()=0



Question 3

(@) iy 7= 1yt

Solution:

Apply L’Hopital’s rule: lim,_,. g:gg =1L

f'(z) =1 since, In(z®) = zin(z) then f'(z) =in(z) + 1

/ _ —1
g'(x) = 2(z+8)2
limg 4 f:(w) =1 =54
2(x+8)2
2% + 182z + 81

b) im ———[3pt

(b) lim ——————[3pt]
Solution:

Simplify, 22 + 182 + 81 = (z + 9)?

Then (9;199)2 =z+9

lim, oo = 0

<Ll

. T
(©) g, %=
Solution:

Multiply and divide by (v + 8): lim, o (250020

lim, _(@=64)
L0 (2—64)(Va+8)

. 1 o
hmzﬁoo m =0



Question 4

(a) Consider the following matrix A:

ai1 ai2 e A1n
azr G2 ... Q2p
A =
(mxmn)
Am1 Am2 ... (Gmn

Find: AT [3pt], where AT is the transpose of the matrix A. Also,
find (AT)T [2pt].

(Hint: You don’t need to write every element in the matrix, a matrix with
a number of explicit elements similar to that of matrix A, will suffice.)

Solution:
ail ag1 Am1
a12 a22 e Q2
AT =
(nxm)
A1n  A2n ... Gmn
(AT)T = A
(an) (an)

(b) Consider the following matrices:

1 0 3
Q =
@exz 8 4 -1

3 4
L 3 2
(3%x2) 1 1

Find: QL [3pt], where QL is the product of both matrices. Also,
find (QL)~!, where (QL)~! is the inverse of QL [2pt].

Solution:



_ [ (%3)+(0%3)+(3x1)  (1x4)+(0%2)+(3x1
QL [(8*3)+(4*3)+(—1*1) (8*4)+(4*2)+((—1*i)



Question 5

(a) Consider the following production function for a manufacturing com-
pany:
Q=5L"K - L

Where, Q represents units produced, L represents labour and K represents
capital.

If capital is fixed at 10 units, find the number of employees that maximizes
production [5pt]. (Hint: Production is maximised when the marginal product
of labour (MPL) is equal to zero. The MPL is found by calculating %)

Solution:

Q =50L° — L

99 = MPL=25L""%-1=0
MPL=L"%% =1L

(L799)72 = (g5) 72

L* =625

If capital is fixed at 10, production is maximised when the company hires
625 employees and produces 625 units. Any other number of employees, larger
or smaller will correspond to a smaller overall production.

(b) The company will follow your advice and hire an additional 100 employ-
ees to reach the target specified for production maximization. The company is
short on cash and requires a loan of 10,000£. The company requests a loan of
10,000 pounds today and the interest rate for the loan is . Find the interest
rate r if the total amount owed after (n=10) years is equal to 200,000 pounds
(Note: The sum was continuously compounded for n years.). [5pt]

Solution:

10, 000 * 19" = 200, 000

610*7’ =920

take In of both sides:

In(e’") = in(20)

10r = 2.995732



r = 0.2995732



Question 6

Solve the following linear system of equations [10pt]:

3 — 3y +2z=-21
2le —y = =7
Tx+4y — 32 =10

30z — 10y 4+ 62z = =70

Solution:

Note that the last equation is a linear combination of the first two equations
so it is redundant.

Re-arranging the second equation first:
y=2lz+7

Then sub into equations one and three:
3z —-3Q2lz+7)+2z=-21

z =30z

And

Te+4(21z4+7) — 32 =10

9lxr — 3z = —18

Now, using these last reduced equation, we use the second equation to re-
place for z:

91z — 3(30z) = —18
z=—18

Similarly:

z =30(—18)

z = —540

And



y=21(—18) +7
y=—371
So that:

r=-—18; y=—-371; z= —540



Question 7
(a) Graph the following equation:
y = —0.2x + 7 [3pt]:

Solution:!

3%

(b) Determine which of the following relations are functions. Specify the
domain and range. Also mention if the function is continuous.

(1) y* =z +2 [2pt]:

Solution:

for x = 2, y has two values, y = 2 and y = —2 which is not a unique outcome,
consequently is not a function.

(2) y = In(x) [2pt]:

Solution:

The function has a domain (0, 00). The range is the real numbers (R) and
the function is continious.

(c) Calculate the following integral [3pt]:

1Original problem from the Khan Academy practice guide.

10



/m(x + 1)%dm

Solution:

We can use integration by parts:

uw=zand dv = (z + 1)2dx

And calculate:

du=dz and v = Z(z + 1)3

Then using the integration by parts formula:
[a(e+1)3de = 2a(e+1)F — 2 [(z+1)3da

Then, calculating the integral on the right hand side:

Ja(e+1)2de = 2a(a +1)F — (x+1)F +c
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Question 8
Consider f : R — R defined by f(z) = ﬁ

Find the general expression for the k" derivative f*)(z) [7pt]. Also, find
the 5t derivative f(°)(x) [3pt]:

[Hint: Write the general expression first and use it to compute the 5"
derivative. The notation [] is used to represent the product of a sequence, for

example: [ (z—i)=(z—0)x (z—1) X ... x (x —n) |

Solution:

71(@) = (3)(5 - Va2

£@) = ()G - 1)(F - 2l

Then the k** derivative would be:

fO@) = | TS5 (5 =) | =50

The 5" derivative would be:

O (2) = (=0.5-0)x (=0.5—1) x (=0.5—2) x (—0.5—3) x (—0.5—4)x(=0-5-5)

£O)(z) = 29.532(=")

12



