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SGPE Summer School 2023 Mathematics Exam

Question 1 (20 points)

Let 𝑓 (𝑥) and ℎ(𝑥):
𝑓 (𝑥) =

√︃
(2𝑥 + 3

√
𝑏) − 2𝑙𝑛(𝑥)

ℎ(𝑥) = 𝑏𝑥2
[𝑦
𝑥

3√4𝑏 + 𝑥3
]

• Compute 𝑓 ′ (𝑥), ℎ′ (𝑥), 𝑓 ′′ (𝑥) and ℎ′′ (𝑥) [10 pt]

• Find the critical values for f(x) and for h(x) if 𝑦 = −3 and 𝑏 = 16 [10 pt]
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Question 2 (20 points)

Calculate the following limits

𝑖) lim
𝑥→1

𝑒2𝑥 + 1 [2 𝑝𝑡]

𝑖𝑖) lim
𝑥→−∞

𝑥4 − 1
𝑥

[5 𝑝𝑡]

𝑖𝑖𝑖) lim
𝑥→2

3𝑥2 − 7𝑥 + 2
𝑥2 + 𝑥 − 6 [6 𝑝𝑡]

𝑖𝑣) lim
𝑥→3

√
3𝑥 − 3

√
2𝑥 − 4 −

√
2
7 𝑝𝑡]
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Question 3 (20 points)

Calculate the following integrals:

𝑖)
∫

(5𝑥 + 3) 5
4 𝑑𝑥 [2 𝑝𝑡]

𝑖𝑖)
∫ 3𝑒𝑥

5𝑒𝑥 + 1 𝑑𝑥 [3 𝑝𝑡]

𝑖𝑖𝑖)
∫ 1

0
(54𝑥

4 − 2𝑥2 + 𝑥) 𝑑𝑥 [2 𝑝𝑡]

𝑖𝑣)
∫

(𝑥2 + 1)𝑙𝑛(𝑥) 𝑑𝑥 [5 𝑝𝑡]

𝑣)
∫ 3𝑥 + 2

𝑥2 + 5𝑥 + 6 𝑑𝑥 [8 𝑝𝑡]
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Question 4 (20 points)

(i) Given the production function 𝐹 (𝐾, 𝐿) = 𝐾𝛼𝐿1−𝛼 where input K is capital and input L is labour, find the marginal product
of each input. Hint: you need to take the partial derivative with respect to K and L. [10pt]

(ii) Using the same production function 𝐹 (𝐾, 𝐿) = 𝐾𝛼𝐿1−𝛼 and given a production budget 𝐵, the firm will spend it on inputs
such that 𝑟𝐾 + 𝑤𝐿 = 𝐵, where 𝑟 and 𝑤 are prices of inputs. Find the amount of labour and capital that maximise
production, as functions of the parameters 𝛼 ,𝑤 , 𝑟 and 𝐵. Hint: you can turn this into a maximisation problem in only one
variable. Also, you can treat parameters as if they were given numbers. Your unknowns are 𝐾 and 𝐿. [10 pt]
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Question 5 (20 points)

Consider the following matrices and perform the required operations where possible.

𝐴 =

(
3 4 −1
2 −2 4

)
;𝐵 =

©­­«
3 −4
1 2
−2 4

ª®®¬ ;𝐶 =

(
− 3 1
2 4

)
;𝐷 =

©­­«
1 2 −1
0 0 1
−2 1 2

ª®®¬
(i) calculate 𝐴 × 𝐵, 𝐵 ×𝐴, 𝐴 ×𝐶, 𝐶 × 𝐵 and 𝐶 ×𝐴 [2 pt]

(ii) find 𝐴 × 𝐵, 𝐵 ×𝐴, 𝐴 ×𝐶, 𝐵 ×𝐶 and 𝐶 ×𝐴 determinants [5 pt]

(iii) find 𝐴 × 𝐵, 𝐵 ×𝐴, 𝐴 ×𝐶, 𝐵 ×𝐶 and 𝐶 ×𝐴 inverses [7 pt]

(iv) find the inverse of 𝐷 [6 pt]
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